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(1) Let f : Z → Z be a function satisfying

f(f(n)) = n+ 2, ∀n ∈ Z.

Show that f is a bijection. [15]

(2) Let Y = {3, 4}. Let A be the set of all functions from N to Y . Show

that A is uncountable. [15]

(3) Prove the following results using our axioms on the set of real numbers:

(i) If a, b, c are real numbers and a+ b = a+ c, then b = c;

(ii) 1 ∈ R is a positive real number.

[15]

(4) State and prove Archimedean property for real numbers. [15]

(5) Show that every convergent sequence of real numbers is bounded. [15]

(6) (i) Prove Bernoulli’s inequality : If x > −1,

(1 + x)n ≥ 1 + nx, ∀ n ∈ N.

(Hint: Use mathematical induction).

(ii) Suppose 0 < b < 1, show that

lim
n→∞

bn = 0.

(Hint: Take x = 1
b
− 1 and apply the previous result). [15]

(7) Suppose {an}n∈N and {bn}n∈N are two sequences of real numbers. De-

fine a new sequence of real numbers {cn}n∈N by taking

cn = max{an, bn}, ∀n ∈ N.

Prove or disprove: If {an}n∈N and {bn}n∈N are convergent then {cn}n∈N
is convergent. [15]
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